Let N be a normal subgroup of a p-solvable group G. The purpose of this paper is to investigate some properties of N under the condition that the two longest sizes of the non-central p-regular G-conjugacy classes of N are coprime. Some known results are generalized. MSC: 20E45
Introduction
All groups considered in this paper are finite. Let G be a group, and x an element of G. We denote by x G the conjugacy class of G containing x and by |x G | the size of x G .
The relationship between the p-regular conjugacy class sizes and the structure of a group G has been studied by many authors, see, for example, [-] . Let N be a normal subgroup of a group G. Clearly N is the union of some conjugacy classes of G. So, it is interesting to decide the structure of N by some arithmetical properties of the G-conjugacy class contained in N , for example, [, , ]. Particularly, in [], we decided the structure of N when N possesses two G-conjugate class sizes. In this paper, the case considered is that N has more than two G-conjugate class sizes.
In a recent paper [] , the authors studied the structure of G under the condition that the largest two p-regular conjugacy class sizes (say, m and n) of G are coprime, where m > n and p n. Notice that, when G = N , the condition n dividing |N/Z(N)| is of course true, so our aim is, by eliminating the assumption p n, to investigate the properties of N under the corresponding condition. More precisely, we prove the following. (ii) |x
Based on this, in Section , we give our improvement and generalization of [] by considering the case that p does not divide n. ©2014 Zhao et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/34
Let π be a set of some primes; we use x π and x π for the π -component and the π -component of x, respectively. Moreover, G π denotes a Hall π -subgroup of G, G π a Hall π -subgroup of G, n π the π -part of n whenever n is a positive integer. Apart from these, we call an element 
Preliminaries
We first list some lemmas which are useful in the proof of our main result.
Lemma . [, Lemma .] Let N be a normal subgroup of a group G and x an element of G. Then: 
divides |A||D|, it follows that |D| = |B  | by the hypotheses of the lemma, as wanted.
Lemma . Suppose that N is a p-solvable normal subgroup of a group G, Let B  be a non-central p-regular G-conjugacy class of N with the largest size. Write M = D|D is a p-regular G-conjugacy class of N with |D|, |B
Proof Write
By the definition of M and K , we have
by the nilpotence of M, which shows that M p is abelian.
Proof of Theorem A
In this section we are equipped to prove the main result.
Proof of Theorem A Suppose that N/Z(N)
is not a prime power order group. We will complete the proof by the following steps:
Step  We may assume that N r Z(G) for every p -prime factor r of |N|.
Otherwise, there exists a p -prime factor r of |N| such that N r ≤ Z(G), then N = N r × N r . Obviously, N r satisfies the condition of the theorem. Application of the induction hypothesis to |N| shows that the conclusion of the theorem holds, and hence we may assume that N r Z(G) for every p -prime factor r of |N|.
Step
Step  We may assume that b is a prime power order q-element (q = p).
Let q be a prime factor of o(b), b q be the q-component and
, and this completes the proof by replacing b with b q .
Particularly, if L Z(G), let y ∈ L be a non-central prime power order r-element, then Step  implies that |y G | = m, and hence C G (y) = C G (b). By the above argument, we have
Step  q m.
If q|m, then q n, and of course we have q |a N | by Lemma .. Notice that |a N | = |N :
. We distinguish two cases according to the structure of
, the hypothesis of the theorem shows that C G (ax) = C G (a) ≤ C G (x), from which it follows that x ∈ Z(C G (a)). Notice that b ∈ C N (a), so x ∈ C N (b), which implies that x ∈ L, consequently a p-complement of N/Z(N) is a prime power order group, a contradiction.
Step  We may assume that a is a {p, q} -element.
Let a = a q a q , where a q , a q are the q-component and q -component of a, respectively.
Step .
Suppose that there exists a non-central q-element y ∈ C N (a), then C G (ay) = C G (a) ∩ C G (y) ⊆ C G (a), so we have C G (ay) = C G (a) by the hypothesis of the theorem. It follows that ay ∈ M, which implies that y ∈ M because of a ∈ M.
Step Step  It followed that n = |a N |p α , where α ≥ . And hence, if L ≤ Z(G), |a G | is at most a {p, q}-number. 
By what has already been proved, we find that, if L ≤ Z(G), then |a N | is at most a {p, q}-number, and so is |a G |.
Step By the structure of C N (b), we distinguish two cases:
we may assume that x ∈ Q b \Z(G) if necessary by a suitable conjugate.
On the other hand, we know M p is abelian and
Step , we can write M p = S × (Z(G) q ∩ N) where q |S|. Notice that x acts coprimely on the abelian subgroup S, and by coprime action properties, we have
Denote by U = [S, x ]. As a ∈ S, we can write a = uw with u ∈ U, w ∈ C S (x). Consider the element g = wx; we have
So we are left with only one alternative: |g G | < n. Keeping in mind that G is a p-solvable group, let T be a Hall {p, q}-subgroup of G, ST is a subgroup of G since S is a normal subgroup of G. Notice that
Moreover, since S G, S is abelian, S ∩ T = , and S ≤ C G (w) we have
. Combining (.) and (.), we have
This implies that |D| :
So the argument on the above three cases forces |x 
, and of course we have y ∈ Z(Q b ), a contradiction. Therefore Q b is abelian, as required.
Step  If d and t are two non-central p-regular elements of N such that |t
(.) Firstly, it will be established that (
Otherwise, there exists a non-central p-regular element y ∈ C N (t) ∩ C N (d), and we will distinguish two cases as for the structure of C N (d). http://www.journalofinequalitiesandapplications.com/content/2014/1/34
Step , which implies that y ∈ Z(C G (d)). However, y is non-central, the hypotheses of the theorem shows that
by the hypotheses of the theorem, but this contradicts the fact that |t
Our immediate object is to show that t can be assumed to be a q -element. In fact, let t q be the q-component of t.
, we have |t G | = m by Lemma ., against the fact that
, where t q is the q -component of t. Thus, without loss of generality, we may assume that t is a q -element. Also, in this case, we may assume that y is a q-element. Keeping in mind that q m, application of Step  once again, we have |y G | = m. Moreover, Proof Obviously, n divides |G/Z(G)|. So, in Theorem B, by taking N = G, the proof of this corollary is finished.
